Abstract: We fabricate honeycomb and related photonic lattices in a nonlinear crystal with a simple method that is based on the optical Fourier transformation through an amplitude mask (six-hole aperture) superimposed with a phase mask (three tilted glass plates). Compared with using the spatial light modulator, our method is cost-effective and easy to control for almost every one. Numerically, we use the transmittance function to describe the amplitude mask instead of treating each hole as a simple point source and give out the field distribution function of the honeycomb lattice beam. Experimentally, the induced lattice structure is examined by the Brillouin zone spectroscopy and the far-field diffraction pattern, as well as by monitoring the linear and nonlinear propagation of a probe beam. In addition to the honeycomb, vortex, and Kagome lattices, we illustrate the phase conditions for optical induction of molybdenum disulfide-like photonic lattices for the first time. Our approach can be easily extended to generate more complex microstructures by designing the amplitude and phase mask properly, promising a convenient way to establish a photonic platform for various applications.
Introduction
Throughout the past decade, there has been a surge of interest in honeycomb lattices (HCLs) in a variety of research fields, ranging from graphene in condensed matter physics [1] - [4] to cold atoms in optical lattices [5] - [8] and electromagnetic waves in photonics [9] - [15] . The unique features of HCLs result from their unusual band structure in which the first two bands intersect at the Dirac points. In the optical domain, HCLs have been introduced as the photonic analogy of graphene [13] , promising for studying many fundamental phenomena and graphene physics in an optical setting [13] , [15] - [18] . Photonic lattices offer exquisite control over initial conditions and allow direct observation and monitoring of the wave dynamics (including the phase). For instance, states with different Bloch wavevectors in the Brillouin zone (BZ) can be directly probed [19] .
While it is clear that honeycomb photonic lattices can provide a window into graphene physics that is not easily accessible in other ways, especially when nonlinear wave dynamics is concerned [17] , [20] , [21] , it has always been a challenge to fabricate such lattice structures in bulk media. One method is to use a self-defocusing nonlinearity through which a triangular intensity pattern can be transferred into a honeycomb potential by optical induction [22] . This method was used for the first observation of conical diffraction and gap solitons in such lattices [13] . However, this method does not work if the nonlinearity is of a self-focusing type, or if the HCLs desire "deformation," such as that each unit cell, contains two unequal sites. Another method includes sophisticated settings that utilize the fs laser-written technique [23] - [25] .
In this work, we optically induced HCLs by employing an amplitude mask (six-hole aperture) combined with a phase mask (three titled glass plates) [26] . We examine the induced lattice structure by the Brillouin zone spectroscopy [19] , as well as by observing discrete diffraction and nonlinear propagation of a probe beam through the induced lattice. Moreover, we show how such a simple method can lead to generation of a "perfect" HCL (graphene-like with equal sites in each unit cell) and a "deformed" HCL (molybdenum disulfide-like with unequal sites in each unit cell). In addition, other related lattice structures including vortex and Kagome lattices are also established. We point out that although some of the lattices were optically induced before, our method does not rely on an expensive spatial light modulator (SLM) [27] , which imposes limitations due to the pixel resolution and phase sensitivity of the SLM, as well as the refreshing rate of computer graphic card.
Theoretical Calculation and Model
The schematic of the Fourier transformation method is given in Fig. 1(a) . An amplitude mask of six holes and a phase mask of three tilted glass plates are placed in the front focal plane of the transform lens. When a broad plane wave illuminates onto the masks, the transmittance function of each hole in the amplitude mask can be described as a circle function. The distribution of the six-hole amplitude superimposed with three-plate phase element (marked by dotted circles) is shown in Fig. 1(b) . The distance between adjacent holes is "a". A -phase difference can be introduced between the three circled and uncircled beams from holes by fine-tuning the tilt angle of the glass plates. As such, the light field distribution U after these six holes with alternating -phase change in the x 0 -y 0 plane can be described by the convolution of the following six combined functions with a circle function:
where ! is the radius of each hole, is the symbol of convolution and "circ" is the circle function. After passing through the Fourier-transform lens, the resulting field distribution ð Þ in the focal ðx -y Þ plane behind the lens is described by
In this equation, J 1 is the first-order Bessel function and f is the focal length of the transform lens. Corresponding to (2), we plot the intensity Iðx ; y Þ ¼ j ðx ; y Þj 2 and the corresponding phase ðx ; y Þ ¼ arg½ ðx ; y Þ in Fig. 1(c) and (d), respectively. As can be seen from the figures, the intensity distribution features the typical honeycomb symmetry with six intensity maxima located at the vertices of a hexagon, whereas each intensity maxima in the hexagon are out of phase with each other.
Experimental Result and Discussion
Our experimental setup is shown in Fig. 2 . Beam path a is used to generate a two-dimensional HCL by the interference of six beams that have different initial phases after passing though the phase mask. The amplitude mask with six holes and the phase mask with three glass plates are shown in inset. The diameter of each of the six holes is 0.8 mm and the spacing between adjacent holes is 10.0 mm. The lattice beam, with average intensity of 43 mW/cm 2 , illuminates the input face of a biased SBN:60 photorefractive crystal that has dimensions of 5 Â 5 Â 10 mm 3 . The orientation of the crystalline c-axis is along the vertical 5 mm direction, and all beams propagate along the 10 mm direction. The lattice beam is ordinarily polarized, in order to realize a non-distorted refractive index modulation along z [22] . To form the HCL, we apply a positive bias field of $1.5 kV/cm, thus using the self-focusing nonlinearity to induce the lattice. The value of the induced refractive index change is about 10 À4 , and the nondiffracting length of the induced lattice is about 1.5 cm, much longer than our crystal length. Beam path b is an extraordinarily polarized probe beam, with intensity of 5 mW/cm 2 , used for studying linear and nonlinear beam propagation through the induced lattice. The crystal is placed at the back focal plane of lens 2. An imaging lens and a CCD are used for recording the input and output intensity patterns. In beam path c, a telescope and a rotating diffuser near its focal plane constitute a typical setting of the BZ spectroscopy with partially coherent light [19] . Lens 6 is used only when we need to capture the far field diffraction pattern and the BZ spectrum. Finally, beam path d is a reference beam for interference measurement of the output beam exiting the crystal.
The experimental results of a 2-D HCL are shown in Fig. 3 , where Fig. 3(a) is the intensity pattern of the lattice beam, captured at the input face of the crystal before introduction of a probe beam. The area of the induced HCL is a circle and its diameter is about 0.2 mm. Fig. 3(b) is obtained by interfering the reference plane wave with the lattice beam as is shown in beam path d in Fig. 2 . We can see that there are dislocations of the interference fringes between the adjacent lattice spots, indicating their out-of-phase relation which agrees with the numerical simulation in Fig. 1(d) . Another important experimental tool used for the analysis of the 2D photonic HCL is the BZ spectroscopy, which is implemented by the optical path c [19] . The BZ spectroscopy captured by CCD is shown in Fig. 3(c) , clearly exhibiting the first and second BZs. In addition, the far-field pattern of the HCL is also obtained by using a Fourier transform lens 6, and is shown in Fig. 3(d) , recovering the six-hole pattern used for the amplitude mask (see the inset of Fig. 2 ). In the bottom panels of Fig. 3 , we show the transverse patterns of a Gaussian probe beam with an input size of about 8 m [see Fig. 3(e) ], which undergoes linear diffraction [see Fig. 3(f) ] without the lattice and discrete diffraction through the lattice [see Fig. 3(g) ]. Because of the inhomogeneity of the crystal, one should not expect a perfect symmetry of the diffraction pattern although coupling to multiple lattice sites is clearly visible in Fig. 3(g) , where a few missing sites (three white circles) are added intentionally to better visualize the honeycomb structure. Under the action of a high nonlinearity (see Fig. 3(h) , with a bias field of 1.5 kV/cm), nonlinear self-trapping of the probe beam is achieved. Moreover, if the tilting angle of the three glass plates is fine-tuned to change the relative phase between adjacent beams, we can obtain different lattice structures. In addition to the graphene-like "perfect" HCL, a MoS 2 -like lattice, a vortex lattice and a Kagome lattice [28] (with three equal sites in each unit cell) can all be readily obtained. While it is difficult to measure the phase difference experimentally, by comparing with the numerical simulation results, we can determine the phase conditions for different lattices. The "perfect" HCL [ Fig. 4(a) ] is obtained when the phase difference between circled and uncircled holes [see Fig. 1(b) ] is ð2n Á 1Þ=3, whereas a "deformed" HCL [see Fig. 4(b) ] is obtained when the phase difference between circled and uncircled holes is ð2n Á 1Þ=6 [see Fig. 4(b) ]. In the above two experiments, the three glass plates introduce same phase change (same titling angle) between adjacent beams. If the three glass plates introduce different phase changes for the three circled beams by fine-tuning the titling angles, the induced honeycomb lattice can transform into a vortex or a Kagome lattice. When the phase difference of the three circled beams is =3, , 5=3 with respect to the other three uncircled beams which do not pass through the glass plates, the vortex lattice forms [see Fig. 4(c) ]. However, when the phase difference of the three circled beams is 2=3, 4=3, 6=3, the Kagome lattice is established [see Fig. 4(d) ]. Our simulation results [see Fig. 4 (e) and (h)] agree perfectly with the experimental results.
Conclusion
In conclusion, we have proposed and demonstrated a simple method for fabricating 2-D photonic honeycomb and other related lattices in a bulk nonlinear crystal without the need for expensive equipment such as SLM or fs writing lasers. The induced 2-D photonic HCLs are examined using the Brillouin-zone spectroscopy, far-field diffraction pattern imaging, and linear and nonlinear probing. Furthermore, we found the phase conditions to form "perfect" and "deformed" HCLs, as well as demonstrated the formation of vortex and Kagome-type lattices. These induced photonic lattice structures could serve as a simple test bench for studying various fundamental phenomena in condensed matter and quantum physics. For instance, apart from the edge states [23] , [26] , we are currently investigating the pseudo-spin and the Aharonov-Bohm effects related vortex phenomena in these lattices [29] .
